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introduction introduction

1. introduction

K → π decay form factors

〈π+(p′)|Vµ|K
0(p)〉 = (p + p′)µ f+(q2) + (p − p′)µ f−(q2),

f0(q
2) = f+(q2) +

q2

M2
K

− M2
π

f−(q2), ξ(q2) =
f−(q2)

f+(q2)

vector form factor at q2 =0 : f+(0) ⇔ determination of |Vus|

Mπ,sim . MK : Nf =3 : RBC/UKQCD, 2008,2010, Nf =2 : ETM, 2009

(see also MILC/FNAL/HPQCD, 2005; FNAL/MILC @ Lat’11)

Γ ⇒ |Vus|f+(0) = 0.2163(5) (FlaviaNet, 2010) ⇔ f+(0) w/ . 1 % accuracy

other information of ME : f−(0), λ′,′′
+,0 ⇔ consistency with ChPT, exp’t
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introduction introduction

1. introduction

this talk

report on JLQCD’s calculation of K → π form factors in Nf =2+1 QCD

overlap quarks ⇒ straightforward comparison w/ ChPT (a=0)

all-to-all quark prop. ⇒ precise calculation of relevant meson correlators

outline

simulation method

extraction of form factors

q2 interpolation

chiral extrapolation
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simulation method simulation method

2. simulation method

configurations

Nf =2+1 QCD

Iwasaki gauge + overlap quarks + det[H2
W ]/det[H2

W +µ2] ⇒ speed up, fix Q

a= 0.1120(5)(3) fm (MΩ as input) ⇔ O((aΛQCD)2) ≈ 8 % error
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simulation method simulation method

2. simulation method

configurations

Nf =2+1 QCD

Iwasaki gauge + overlap quarks + det[H2
W ]/det[H2

W +µ2] ⇒ speed up, fix Q

a= 0.1120(5)(3) fm (MΩ as input) ⇔ O((aΛQCD)2) ≈ 8 % error

measurements of meson correlators

4 mud’s ⇒ Mπ ≃ 290 – 540 MeV; ms = 0.080 ⇔ ms,phys = 0.081

163 × 48 or 243 × 48 (depending on mud) ⇒ MπL & 4

in Q=0 sector ⇒ fixed Q effects ∝ V −1; sub-% for M{π,K}, f{π,K}

50 conf × 50 HMC traj. for each (mud,ms)

T. Kaneko Kaon semileptonic decays in lattce QCD with exact chiral symmetry



simulation method simulation method

2. simulation method

configurations

Nf =2+1 QCD

Iwasaki gauge + overlap quarks + det[H2
W ]/det[H2

W +µ2] ⇒ speed up, fix Q

a= 0.1120(5)(3) fm (MΩ as input) ⇔ O((aΛQCD)2) ≈ 8 % error

measurements of meson correlators

4 mud’s ⇒ Mπ ≃ 290 – 540 MeV; ms = 0.080 ⇔ ms,phys = 0.081

163 × 48 or 243 × 48 (depending on mud) ⇒ MπL & 4

in Q=0 sector ⇒ fixed Q effects ∝ V −1; sub-% for M{π,K}, f{π,K}

50 conf × 50 HMC traj. for each (mud,ms)

w/ all-to-all propagator ⇒ 160 - 240 low-modes + noise method

twisted boundary conditions (TBCs) ⇒ q2∈ [– 0.1 GeV2, q2
max]

reweighting ⇒ additional ms =0.060
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extraction of form factors ratio method statistical accruacy

3.1 ratio method

CPQ
Vµ

(p,p′) = 〈OQ(p′)Vµ,latO
†
P

(p)〉 ∼

p

ZQ(p′)ZP (p)

4EP EQ ZV

〈Q(p′)|Vµ|P (p)〉e−EQ∆t′−EP ∆t

CP (p) = 〈OP (p′)O†
P

(p)〉 ∼
ZP

2EP

e−EQ∆t′ (P, Q = K or π)

ratio method (Hashimoto et al., 1999)

(partially) cancel ZV , exp[−Eπ(K)∆t], fluctuation in CPQ
Vµ

(p,p′) and CP (p)

R =
CKπ

V4
(0,0) CπK

V4
(0,0)

CKK
V4

(0, 0)Cππ
V4

(0,0)
→

(MK + Mπ)2

4MKMπ
f0(q2

max)2 (q2
max =(MK−Mπ)2)

R̃ =
CKπ

V4
(p, p′) CK(0) Cπ(0)

CKπ
V4

(0,0) CK(p) Cπ(p′)
→



1 +
EK(p) − Eπ(p′)

EK(p) + Eπ(p′)
ξ(q2)

ff

f+(q2)

f0(q2
max)

Rk =
CKπ

Vk
(p, p′) CKK

V4
(p, p′)

CKπ
V4

(p, p′) CKK
Vk

(p, p′)
→ a function of ξ(q2)

⇒ can construct f+(q2), f0(q
2), ξ(q2)
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extraction of form factors ratio method statistical accruacy

3.2 extraction of form factors : statistical accuracy

all-to-all propagator ⇒ can improve stat. accuracy

CKπ
Vµ

at each jackknife sample

0 20 40
jackknife sample

0.99

1.00

1.01

C
V

µK
π   /

  <
 C

V
µK

π  >

not averaged
averaged

0 20 40
0.9

1.0

1.1

µ = 4 µ = 1

Mπ ~ 450 MeV,  θ = 1.60,  θ′ = 0.00,  ∆t = ∆t′ = 8a

ξ(q2;∆t, ∆t′) vs ∆t

0 5 10 15
∆t′ / a

-0.10

-0.05

0.00

0.05

0.10

ξ(
q2 ; ∆

t, 
∆t

′)

∆t = 6a
∆t = 7a
∆t = 8a
∆t = 9a
∆t = 10a

Mπ ~ 540 MeV,  θ = 1.60,  θ′ = 0.00,  smeared-smeared

all-to-all ⇒ average over location of meson source op.

⇔ a factor of 3 (4) improvement for µ = 4 (1)

clear signal for ξ(q2) : 10 – 30% (comparison w/ exp’t (later))

f{+,0}(q
2) : statistical accuracy sub-% level

K

V

meson source op.
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extraction of form factors ratio method statistical accruacy

3.2 extraction of form factors : statistical accuracy

reweighting ⇒ can impair stat. accuracy

〈CPQ
Vµ

〉m′
s

= 〈CPQ
Vµ

w̃(m′
s, ms)〉ms

w̃(m′
s, ms) =

w(m′
s, ms)

〈w(m′
s, ms)〉ms

w(m′
s, ms) = det[D(m′

s)]/ det[D(ms)]

=

QNe
k=1 λk(m′

s)
QNe

k=1 λk(ms)
×

1

Nr

Nr
X

r=1

e
− 1

2
ξ†r

D(m′
s)

D(ms)
ξr

243(163) × 48, ≈ 200 low-modes

⇒ do not need large Nr

largely increase ∆[CPQ
Vµ

]

at most × 2 for ratios

1000 2000
HMC traj

0.0

1.0

2.0

3.0

4.0

w
(m

s′;m
s) 

 / 
 <

w
(m

s′;m
s)>

N
r
 = 50

N
r
 = 20

N
r
 = 10

N
r
 = 0

Mπ ~ 540 MeV,   m
s
 ~ m

s,phys
,   m

s
′ - m

s
 ~ - 25 MeV

1000 2000

HMC traj.

0.95

1.00

1.05

C
V

4K
π  / 

<
C

V
4K

π >

@ m
s

@ m
s′

1000 2000

0.999

1.000

1.001

1.002

R
 / 

<
R

>

Mπ ~ 540 MeV,  θ = 1.60,  θ′ = 0.00

all-to-all + ratio + reweight ⇒ ∆[f+,0(q
2)] . 1.5 %, ∆[ξ(q2)] ∼ 20 – 40 %
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q2 -dependence q2 dependence

4. q2-dependence
f0(q

2) vs q2

-0.10 -0.05 0.00

q
2
  [GeV

2
]

0.95

1.00

f 0(q
2 )

@ q
2

max

q
2
 < q

2

max
linear
quadratic
free-pole
interpolated to q

Mπ ~ 540 MeV,   m
s
 ~ m

s,phys

-0.10 -0.05 0.00

q
2
  [GeV

2
]

0.95

1.00

f 0(q
2 )

@ q
2

max

q
2
 < q

2

max
linear
quadratic
free-pole

q
2
 = 0

Mπ ~ 540 MeV,   m
s
 ~ (3/4) m

s,phys

reweighting ⇒ slightly larger error

small curvature in simulated region of q2

⇔ Mpole =1.2 – 1.3 GeV @ mq,phys (PDG, 2010) ⇒ q4/M4
pole . 0.6%

well described by any of

f0(q2) = f0(0)(1 + a1q2), f0(0)(1 + a1q2 + a2q4),
f0(0)

1 − q2/M2
pole
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q2 -dependence q2 dependence

4. q2-dependence

f0(q
2) vs q2

-0.10 -0.05 0.00 0.05

q
2
  [GeV

2
]

0.90

0.95

1.00

1.05

f 0(q
2 )

@ q
2

max

q
2
 < q

2

max
linear
quadratic
free-pole
interpolated to q

16
3

x 48

Mπ ~ 290 MeV,  24
3

x 48

fit results for f+(0)

0.96 0.97 0.98
f
+
(0) = f

0
(0)

Mπ ~ 290 MeV

linear fit to  f
0

quadratic fit to  f
0

pole fit to  f
0

linear fit to  f
+

quadratic fit to  f
+

pole fit to  f
+

K*-pole + linear fit to  f
+

f+(0) (= f0(0)), df+,0(0)/dq2|q2=0 : stable against choice of fit form

small finite volume effects ⇔ lattice boundaries + fixed Q

163×48 ⇔ 243×48 : 0.4 – 0.7% (. 2.2-2.5σ) ⇒ even smaller on 243 × 48 (?)

this talk : quadratic fit ⇒ f+(0), df+(q2)/dq2|q2=0
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chiral fit f+(0) 〈r2〉Kπ
V

ξ(0)

5.1 chiral fit : f+(0)

chiral expansions (cf. JLQCD, 2008)

f+(0) = 1 + f2 + f4 + · · · = 1 + f2 + ∆f

xπ(K) ≡ M2
π(K)

/(4πF0)2 (“x-expansion”)

small F0 =52.5(5.1) MeV ≪ Fπ ⇒ enhanced chiral corrections O2n = (Mπ/F0)2n

ξπ(K) ≡ M2
π(K)

/(4πFπ)2 (“ξ-expansion”)

better convergence for M{π,K}, F{π,K} (JLQCD, 2008 (Nf =2) ; 2009 (Nf =2 + 1))
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chiral fit f+(0) 〈r2〉Kπ
V

ξ(0)

5.1 chiral fit : f+(0)

chiral expansions (cf. JLQCD, 2008)

f+(0) = 1 + f2 + f4 + · · · = 1 + f2 + ∆f

xπ(K) ≡ M2
π(K)

/(4πF0)2 (“x-expansion”)

small F0 =52.5(5.1) MeV ≪ Fπ ⇒ enhanced chiral corrections O2n = (Mπ/F0)2n

ξπ(K) ≡ M2
π(K)

/(4πFπ)2 (“ξ-expansion”)

better convergence for M{π,K}, F{π,K} (JLQCD, 2008 (Nf =2) ; 2009 (Nf =2 + 1))

fitting w/ ξ-expansion

NLO (Gasser-Leutwyler, 1985)

Ademollo-Gatto ⇒ f2(Fπ , M{π,K,η})

NNLO and higher orders
(Post-Schilcher, 2001; Bijnens-Talavera, 2003)

∆f(Fπ, {Li}, {Ci}, M{π,K,η})

modeling ∆f (as in previous studies)
0 0.1 0.2 0.3 0.4

Mπ
2
 [GeV

2
]

-2

-1

0

∆f
 / 

(M
K

2  -
 M

π2 )2

c
4
 + c

6,πξπ

c
4
 + c

4,π′ln[ξπ]

c
4
 + c

6,πξπ + c
6,K

ξ
K

∆f = (M2
K − M2

π)2( c4 + c′4 ln[ξπ], c′′4 ln2[ξπ ], c6,πξπ, c6,KξK)
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chiral fit f+(0) 〈r2〉Kπ
V

ξ(0)

5.1 chiral fit : f+(0)

0.0 0.1 0.2 0.3 0.4

Mπ
2
 [GeV

2
]

0.94

0.96

0.98

1.00

f +
(0

)

m
s
 = 0.080 ~ m

s,phys

m
s
 = 0.060

NLO SU(3) ChPT +  (N)NNLO anly.

f
2
  (m

s
 = 0.080)

RBC/UKQCD, 2008; 2010 (N
f
 = 2+1)

ETM, 2009 (N
f
=2)

ξ - expansionξ - expansion fit results

test parameterizations of ∆f

c4 + c6,π ξπ ⇒ central value

c4

c4 + c6,π ξπ + c6,K ξK

c4 + c′4,π ln[ξπ] (ill-determined cX )

fit excluding largest mud

assume O((aΛ)2) error in f2 + ∆f

f+(0) = 0.953(6)stat
(

+4
−9

)

chiral
(4)a6=0
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chiral fit f+(0) 〈r2〉Kπ
V

ξ(0)

5.1 chiral fit : f+(0)
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NLO SU(3) ChPT +  (N)NNLO anly.

f
2
  (m

s
 = 0.080)

RBC/UKQCD, 2008; 2010 (N
f
 = 2+1)

ETM, 2009 (N
f
=2)

ξ - expansionξ - expansion fit results

test parameterizations of ∆f

c4 + c6,π ξπ ⇒ central value

c4

c4 + c6,π ξπ + c6,K ξK

c4 + c′4,π ln[ξπ] (ill-determined cX )

fit excluding largest mud

assume O((aΛ)2) error in f2 + ∆f

f+(0) = 0.953(6)stat
(

+4
−9

)

chiral
(4)a6=0

CKM unitarity

|Vus|f+(0) = 0.2163(5) (FlaviaNet, 2010) ⇒ |Vus| = 0.2270(+20/−27)

|Vud| = 0.9743(2), |Vub|∼10−3 (ICHEP’10)

∆CKM = |Vud|
2 + |Vus|

2 + |Vub|
2 − 1 = 0.0007(+9/−13)
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chiral fit f+(0) 〈r2〉Kπ
V

ξ(0)

5.2 chiral fit : 〈r2〉Kπ
V

slope of f+(q2)

f+(q2) = f+(0)
˘

1 + (1/6)〈r2〉Kπ
V

q2 + · · ·
¯

SU(3) NLO ChPT (Gasser-Leutwyler, 1985) + NNLO analy., ξ-expansion,

〈r2〉Kπ
V

= 12Lr
9/F 2

π − (1/F 2
π ) ”logs” + cπξπ + cKξK

0.0 0.1 0.2 0.3

Mπ
2
 [GeV

2
]

0.10

0.20

0.30

0.40

<
r2 >

K
π V

  [
fm

2 ]

m
s
 ~ 0.080 ~ m

s,phys

m
s
 ~ 0.060

PDG 2010
NLO + NNLO analytic
NLO 

significant NNLO @ mud(s),sim

⇒ milder mud-dependence

⇔ 〈r2〉π
V

, 〈r2〉K
V

(JLQCD, Nf = 2, 3)

Lr
9(Mρ) : consistent w/ pheno.

Lr
9 = 6.2(0.5)(2.7) × 10−3

pheno. : 5.91(4) × 10−3

(Bijnens, 2007, ξ-expansion)

〈r2〉Kπ
V : consistent w/ exp’t
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chiral fit f+(0) 〈r2〉Kπ
V

ξ(0)

5.3 chiral fit : ξ(0) = f−(0)/f+(0)

ξ(q2) vs q2

-0.10 -0.05 0.00

q
2
  [GeV

2
]

-0.06

-0.04

-0.02

ξ(
q2 )

linear

Mπ ~ 540 MeV

ξ(0) vs M2
K − M2

π

0.0 0.1 0.2

M
K

2
-Mπ

2
 [GeV

2
]

-0.15

-0.10

-0.05

0.00

ξ(
0)

PFG, 2004

mild q2 dependence w/ our statistical accuracy

cf . f−,analy(q
2) = (M2

K − M2
π) (4Lr

5/F 2
π − 2Lr

9/F 2
π ) (Bijnens-Talavera 2003)

(for simplicity) fit form linear in (M2
K − M2

π) : ξ(0) = c0 + c1(M2
K − M2

π)

vanish in SU(3) limit as expected : c0 =−0.0017(9)

consistent w/ experiment : ξ(0)=−0.125(23) (PDG 2004, K
+
l3

)

one-loop chiral log.s (and two-loops?) should be included (Bijnens-Talavera 2003)
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summary summary

6. summary

kaon semileptonic form factors in Nf =2 + 1 QCD with overlap quarks

techniques

all-to-all propagators ⇒ precise determination of f+,0(q2)

TBCs ⇒ precise determination of f+(0), ξ(0), 〈r2〉Kπ
V,S

reweighting ⇒ additional ms

chiral fits

f+(0) = 0.953(6)stat(
+4
−9)chiral(4)a6=0 , |Vus| = 0.2270(+17

−26),

∆CKM = |Vud|
2 + |Vus|2 + |Vub|

2 − 1 = 7 (+9
−13) × 10−4

〈r2〉Kπ
V

, ξ(0) : reasonably consistent w/ exp’t

future directions

further refinements ⇔ more rigorous treatment of NNLO ⇔ overlap quarks

π, K EM form factors ⇔ test of ChPT

D, B meson decays ⇔ flavor physics
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appendix F0

7.1 chiral fit : f+(0)

F0

phenomenological estimates
(Bijnens @ Lattice’07; µ=0.77 GeV)

103Lr
4 ≡ 0 ≡ 0.5 ≡ 0.2

103Lr
6 ≡ 0 ≡ 0.1 ≡ 0

F0[MeV] 87.7 70.4 80.4

JLQCD’s analysis (Noaki @ Lattice’10)

NNLO fit to M{π,K}, F{π,K}

chiral expansion w/ M2
π/F 2

π

instead of M2
π/F0

⇒ better convergence

single lattice spacing ∼ 0.11 fm

F0 =52.5(5.1) MeV

0.0 0.2 0.4 0.6
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2
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2
]

0.05

0.10

0.15

F
π,  

F
K
  [

G
eV

]

F (m
ud

 = m
s
)

Fπ,  m
s
 ~ m

s,phys

Fπ,  m
s
 ~ (5/4) m

s,phys

F
K
,  m

s
 ~ m

s,phys

F
K
,  m

s
 ~ (5/4) m

s,phys

F
0
 = 87.7 MeV

F
0
 = 70.4 MeV

small F0 ⇒ enhance chiral corrections : NLO ∝ 1/F 2
0 ; NNLO ∝ 1/F 4

0
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